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VEHICLE CONTROLLABILITY AT ITS STEADY MOTION  
 
M. Podrigalo, Professor, Doctor of Technical Science, D. Klets, Candidate of Technical 
Science, V. Gatsko, postgraduate, KhNAHU 
 
Abstract.  Vehicle controllability is presented as one of stability properties. Dependences for 
eigentones inplane road calculation of two-, three- and four-axis vehicles are defined. 
 
Key words:  ontrollability, stability, vehicle, steady motion. 
 
 
         
 
                                      -
                                        -
                                          
                                        
                                         -
                                               
                                             
                              .              -
                                            -
                                       (    
             )                            -
                   . 
 
                 ,                        
                                          
                                            
                      –             . 
                                         -
                                       
                                       -
   ,   . .                                 -
                                          -
                                      
                . 
 
                                         -
                                         -
       -,     -                           . 
 
                  
 
                                        -
               ,                        
                   ,                    (   -
                  )                     -
             .                        -                       ,    . 29, 2011 
 
118 
                         ,                -
                             . 
 
                                      -
                                  ,         -
                  [1],                   -
                  (        )           , 
                                        : 
            ,                            
(                ),                      . 
                                          -
              [1]                          -
         –                .             
               [2],                       -
                                           -
                  (                       
        )                               -
                               . 
 
                                         
                                        
           ,               –             -
                 .                        -
                                            -
                               . 
 
                                        -
                                         -
                      .                 -
                                           
                  ,                    -
               [2],                       
                                       -
                                   .      
                                        
                                      -
                                           
                .        ,                 -
                           (            -
  ,                                     -
                                           , 
                                           
                             . .)             
                                        -
                .                             
    (                                   -
   –          )                          
                                             
                    .                   -
                      [3],                   
[4, 5, 6]                    (            -
                                          )  
                                        -
                                       -
            .               ,                 
                        ,              -
                     ,                   -
                                         -
                  . 
 
                  ,                      
                                          -
                                        -
                                           
                                          
                                        -
                                         -
                                             
                                       -
       .              ,                 -
   ,                                        -
                              ,               
            ,                             -
                                       -
              –                         -
              (   . 1). 
 
                                        -
                  ,                     -
                                   . 
 
          [7]                  ,          -
                                        -
                                         -
               
 
 
2
21
,
  
P ab
K
KK L
⎛⎞
∆= ⋅ − ⎜⎟ ⎜⎟
⎝⎠
   (1) 
 
     K ∆  –                               -
                                    ,   -
                                    ;    P  – 
             ,                             ; 
1   K ,  2   K –                             -
                                          
             ;  L –                          
      ;  a ,  b –                          
                                         -
                      . 
 
                 (1)         
1  
b
K
        -
  ,                             
 
1  
2
12
1.
 
  
K P ba
K
Kb K L
⎛⎞
∆ =⋅ ⋅ ⋅− ⎜⎟ ⎜⎟
⎝⎠
   (2)                        ,    . 29, 2011  119
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   . 1.                                                                        
 
 
             (2)      ,                   
           12 /    KK  (             21 /    KK ) 
                                          -
                                       -
                ,  . .                   -
                          .              , 
                          21 /    KK        
                                        -
                                         
               . 
 
                                            
                   ,                     -
                                            -
                 ,                     -
                                . 
 
                                       , 
                            ,  ,        -
      ,                                   
                                       -
                               ,          
                                           
                 ,                          
                    . 
 
                         
 
                                         
                                           
                                            
                                           -
                            . 
 
                                         
                       : 
–                                          -
                                            
                                      -
   ; 
–                                          -
                                           
                                     . 
 
                                 
                                     
               
 
                                        
                                      -
                                         -
         ,                                
                                          
                        . 
 
             ,                             
                                        -
               ,                     -
              .                            -
                [8] 
 
2
2
1 2 2s i n
dd
nKh p t
dt dt
ψψ
+⋅⋅ + ⋅ ψ =⋅ ,      (3) 
                                                     
                       
                 
               
          
                                      
              
               
       
         
        
         
         
     
         
                                ,    . 29, 2011 
 
120 
     ψ –                                -
             ;  z
d
dt
ψ
=ω  –                   
                         ; 
2
2
d
dt
ψ
= z ω   –   -
                                       -
  ;  h –                               -
                                         
                                        -
                                  ,      -
                            
M Z I , 
 
    .
M z
 
h
I
=            (4) 
 
1 K  –                                    -
                    
 
   
1 ,
M Z
C
K
I
=    (5) 
 
         C  –                                 -
                       ;  p  –             -
                           (           -
               –                       
                                       -
                                   );  2n – 
                                       
  α                    
M Z I . 
 
                                          -
                         (                -
           –                  ),         , 
                                          
                        ,              -
                       (        )        -
    .                                   
                            ,               
             π (180 °) [8]. 
 
                                        -
                                          -
                                        -
   ,                               [8]. 
 
                               (   0 α=    
20 n = )                                 
                           .                
                                       -
                                        
                          [8] 
00   2
2
1
1
,
1
    K
P
K
=⋅ =⋅
−
        (6) 
 
       –                   ;  0    –        -
                                        -
                       ,             . M  
 
                          (            -
                      )                      
                                          -
       
 
0
22 2
24
11
1
14
  
p np
KK
=
⎛⎞⋅
−+ ⎜⎟
⎝⎠
,   (7) 
  
                                              -
              . 
 
                                           -
                                            -
                                           
                                      -
                        ,                 
                               ,         
                                         
      .         ,                       -
                                  ,         
                                 ,        
                             . 
 
                                          
                             1 K ω=          -
                                       -
              .                           -
                                        
      ,                                   , 
                                 (   . 2). 
 
                                        -
                           [2, 3],         
                                            -
                                          
    (   . 2).       . 2           
 
22
11
tg ; (8)
tg , (9)
bHR R
aHR R
+= ⋅ δ ≈ ⋅ δ ⎧
⎪
⎨
⎪ −= ⋅ δ ≈ ⋅ δ ⎩
                        ,    . 29, 2011  121
     H  –                                  -
                           . 
 
R
H
C 2
1
B
M
O
b a
L
M   
δ2
δ1
δ2 δ1
VM
V2
V1
Rδ1
Rδ2
 
 
   . 2.                       (       1   2) 
                                      
                                   
12     : M RLRL δδ =⋅ =⋅  
1 Rδ    
2 Rδ  –     -
                  ,                 -
                                         -
     ;  12 , δδ –                  1   2; 
12 ,,   VVV  –                         1, 2 
                    ;     R–          -
      ; B–              
 
                (8)   (9),         
 
2
1
2
1
.
1
  b
H
δ
⋅−
δ
=
δ
+
δ
 (10) 
 
                    1 δ     2 δ                
      1     R R ,                             -
                       [3],       
 
1 11 ;   Y RK = ⋅δ    (11) 
 
2 22   Y RK = ⋅δ .   (12) 
 
                     
 
1
2
2
1
Y
Y
K
K
δ
=
δ
               (13) 
 
 
  
1
2
1
2
.
1
Y
Y
Y
Y
K
  b
K
H
K
K
−
=
+
                       (14) 
 
                                     -
             ,                               
   ,                        M  
 
( )
22 , ZM ZC a a z II m H m i H =+ ⋅= ⋅+           (15) 
 
     ZC I  –                               -
                                   
 
2, ZCa z Im i = ⋅      (16) 
 
     a m  –                   ;  z i –        
                                         
   . 
 
          [2]                              -
                                          
                                         
                                         -
        
 
2 1
.
21 2
z
B
ia b =⋅ +    (17) 
 
                     (14)   (17)         -
    (15),         
 
1
2
1
2
2
2 1
.
21 2
1
Y
Y
ZM a
Y
Y
K
ab
K B
Ima b
K
K
⎡ ⎤ ⎛⎞
⎢ ⎥ ⋅− ⎜⎟
⎢ ⎥ ⎜⎟ =⋅ ⋅ ++ ⎢ ⎥ ⎜⎟
⎢ ⎥ + ⎜⎟ ⎜⎟ ⎢ ⎥ ⎝⎠ ⎣ ⎦
 (18) 
 
                                       -
     
       
   
12
,
MM
C ==
∆ψδ + δ
            (19) 
 
    ∆ψ –                                , 
                                           
                                       
    M  
 
12 . ∆ψ=δ +δ    (20)                        ,    . 29, 2011 
 
122 
        ,      
 
1     1 . Y M KL =⋅ δ ⋅    (21) 
 
            (19)        
 
11 1
1
2
1
   
2 12
1
1 1
YY Y
Y
Y
LK K K
CL L
K
K
⋅⋅ δ
== =
δ δ+ δ + + δ
.     (22) 
 
                     (18)   (22)   (5),   -
                           
 
1
1
12
1 2
2
       1 2
2 1
1
21 2
1
Y
a Y
YY
Y Y
Y
K L
K
m K
ab
KK B
ab
K K
K
ω= = ⋅
⎡ ⎤ ⎛⎞
⎢ ⎥ − ⎜⎟ ⎛⎞ ⎢ ⎥ ⎜⎟ +⋅ + + ⎜⎟ ⎢ ⎥ ⎜⎟ ⎜⎟
⎝⎠ ⎢ ⎥ + ⎜⎟ ⎜⎟ ⎢ ⎥ ⎝⎠ ⎣ ⎦
. 
(23) 
 
                                          
       
 
1
1
12
1 2
2
      
      
2
2
(24)
2
1
2
1
1
21 2
1
Y
a Y
YY
Y Y
Y
K L
m K
ab
KK B
ab
K K
K
ω
ν= =
π
=⋅ ⋅
π ⎡⎤ ⎛⎞
⎢⎥ − ⎜⎟ ⎛⎞ ⎢⎥ ⎜⎟ +⋅ + + ⎜⎟ ⎢⎥ ⎜⎟ ⎜⎟
⎝⎠ ⎢⎥ + ⎜⎟ ⎜⎟ ⎢⎥ ⎝⎠ ⎣⎦
 
                                        -
              
12 YY KK = .                 -
        (24)                      
 
      
1
2
ν=
π ()
1
2
2
.
1
12 2
Y
a
K L
m B
ab a b
⋅
⋅+ + −
(25) 
 
                                           
                                          
                                        -
                                           
                    
 
21 2 yy KK = .            (26) 
 
              
 
1
       2
2
1
.
2 31 2 1
48 3 2
Y
a
K L
m
ab B a b
ν= ⋅⋅
π ⎛⎞ ⋅+ + − ⎜⎟
⎝⎠
 
  (27) 
 
                                            
                                    
 
21 4 yy KK = .            (28) 
 
                                         
              
 
1
       2
2
1
.
2 55 4 1
84 8 5 4
Y
a
K L
m
ab B a b
ν= ⋅⋅
π ⎛⎞ ⋅+ + − ⎜⎟
⎝⎠
   (29) 
 
                                          
                    
12 yy KK =             -
               (25).                     -
                                           
                    
21 2 yy KK =             -
                 (27). 
 
       . 3                             
    -4320                                
2
1
      
Y
Y
K
K
⎛⎞
ν= ⎜⎟ ⎜⎟
⎝⎠
,                           
                                           
                                    ,   -
            ,                             -
                                        .  
 
       .1                                 -
                     -4320               
                     . 
 
        1                           
               -4320 
 
          
           
ma,  
   
a,  
  
b,  
  
L, 
  
B, 
  
            8100 2,39 1,81 4,2 2,0 
          
          13025 2,97 1,23 4,2 2,0 
 
                                           
                        ,                -                       ,    . 29, 2011  123
        
21 / YY KK             
1 Y K         -
                                           -
                                        . 
 
0                    1                    2                   3
1,6
1,4
1,2
1
V      
  
Ky2
Ky1
1
2
 
   . 3.                                   -
                         -4320        -
        
21 /: YY KK ––                -
                 ; – –             
          ; 1 – p  = 350     (
1 Y K =132 
  /   ); 2 – p  = 70     (
1 Y K =86 
  /   ) 
 
                     -4320                 
                                      ν ,          
                                         
                                         
1,1       1,6   .             ,             -
                                        -
                 1,1   ,                     -
                                             
                        180°         . 
 
                                 
                                     
               
 
      . 4                                  
                                          
                                          
        .  
 
              (  .    . 4) 
()
()
2
1
2
1
,
1
ab
tg
H
tg
δ
⋅−
α+δ
=
δ
+
α+δ
   (30) 
 
     α  –                                -
         . 
R
H
C 2
1
B
M
O
b a
L
M   
δ2
α
δ2
α+δ1
V2
V1
Rδ1
Rδ2
O1
δ1
 
 
   . 4.                                   -
                                       
                                     -
                                
 
        ,     
 
tg ()
1
1
1 1
tg tg
tg tg
α+ δ
α+δ =
− δ⋅ α
   (31) 
 
 ,                           11 tgδ≈ δ, 
22 tgδ ≈δ     120 δ ⋅δ ≈ ,                      
 
21
12
.
abb t g
H
tg
⋅δ−⋅ δ−⋅ α
=
δ+ δ+ α
 (32) 
 
                                      -
                                           -
      (32)             (15)          (17) 
 
ZM I = a m
2 2
21
12
1
21 2
Ba bb t g
ab
tg
⎡ ⎤ ⎛⎞ ⋅δ − ⋅δ − ⋅ α ⎢ ⎥ ⋅+ + ⎜⎟ δ+ δ+ α ⎢ ⎥ ⎝⎠ ⎣ ⎦
. (33) 
 
                      
 
21 sec     MR L R L δδ = ⋅= ⋅⋅ α . (34) 
                        ,    . 29, 2011 
 
124 
                     (11)   (12),         
 
21     21 sec YY MK L K L =⋅ δ ⋅ =⋅ δ ⋅ ⋅ α .   (35) 
 
                     ∆ψ                  -
         (20).              ,            -
                                      (   . 
          (19) 
 
11
1
2
1
   
12
sec
sec
1
YY
Y
Y
LK K
CL
K
K
⋅⋅ δ ⋅α
== ⋅ α ⋅
δ+ δ
+
.(36) 
 
                     (33)   (36)   (5),   -
      
 
       ω=                                                        (37)  
1
1
2
2 2
21
12
sec
1
1
21 2
Y
a Y
Y
K L
m K Ba bb t g
ab
Kt g
⋅α
=⋅
⎡⎤ ⎛⎞ ⎛⎞ ⋅δ − ⋅δ − ⋅ α ⎢⎥ +⋅ ⋅ + + ⎜⎟ ⎜⎟ ⎜⎟ δ+ δ+ α ⎢⎥ ⎝⎠ ⎝⎠ ⎣⎦
 
 
                          (11)   (12) 
 
       ω=                                                          (38) 
1
1
12
1 2
2
2
2
1
1
sec
1
1
21 2
1
Y
a Y
YY
Y Y
Y
K L
m K tg
ab b
KK B
ab
K K tg
K
⋅α
=⋅
⎡⎤ ⎛⎞ α ⎢⎥ ⋅− − ⋅ ⎜⎟ ⎛⎞ δ ⎢⎥ ⎜⎟ +⋅ ⋅ + + ⎜⎟ ⎢⎥ ⎜⎟ ⎜⎟ α ⎝⎠ ⎢⎥ ++ ⎜⎟ ⎜⎟ δ ⎢⎥ ⎝⎠ ⎣⎦
 
                                        -
    
 
      
      
1
22
ω
ν= = ×
ππ
                                  (39) 
1
1
12
1 2
2
2
2
1
1
sec
1
1
21 2
1
Y
a Y
YY
Y Y
Y
K L
m K tg
ab b
KK B
ab
K K tg
K
⋅α
×
⎡⎤ ⎛⎞ α ⎢⎥ ⋅− − ⋅ ⎜⎟ ⎛⎞ δ ⎢⎥ ⎜⎟ +⋅ ⋅ + + ⎜⎟ ⎢⎥ ⎜⎟ ⎜⎟ α ⎝⎠ ⎢⎥ ++ ⎜⎟ ⎜⎟ δ ⎢⎥ ⎝⎠ ⎣⎦
 
                                        -
                                           -
                                         
                           (             
           
1
2
Y
Y
K
K
),                          
(39)                   
1
tgα
δ
.   ,           
          (39)   (24),                     
     ,                                     
                            ν .               -
                                         -
                                             
                        180°. 
 
       
 
1.                                        -
                      ,                  
           
21 / YY KK ,                      -
                                        -
                                  ,       
                                      -
    .                                    -
                                         
                                         -
                                            
                        180°. 
 
2.                       -4320            , 
                       
21 / YY KK          -
   
1 Y K                                   -
                                         .  
                                       -
                         , ν                    -
                                          
   1,1       1,6   .             ,          
                                         
       1,1   ,                              
                                         -
                   180°         . 
 
3.                                     -
                                          -
                   ,                     -
                              .      
                                         -
                                         -
                                180°. 
 
           
 
1.          . .                               
           /  . .       . –  . :       -
    , 1986. – 136  . 
2.                                         -
          /  . .          ,  . .       , 
 . .         ,  . .         ;        . 
 . .           . –         :       , 
2003. – 403  . 
3.           . .                        -
                 /  . .         . –  . : 
              , 1971. – 416  .                        ,    . 29, 2011  125
4.            . .                         / 
 . .         . –  .:                , 
1989. – 280  . 
5.         .        /  . .        ,  . .    -
     ,   . .        ,   . .         , 
 . .           ;        .  . .         . 
–  . :               , 1988. – 376  . 
6.                       /  . .         , 
 . .       ,  . .          ,     . –  .: 
              . – 1978. – 200  . 
7.              . .                         
                             /  . .    -
      ,   . .         ,   . .         // 
                                     -
                             .         -
           . –            . – 2011. – 
   . 27. –  . 65–69. 
8.       . .                             -
                /  . .     ,  .  .    -
       ,  . .        . – 1968. –     2. – 
624  . 
 
         :   . .          ,           ,   . . ., 
     . 
 
                            26     2011  . 
 
 
 
 
 
 
 
 